A ow-condition-based interpolation ÿnite element scheme is presented for use of triangular grids in the solution of the incompressible Navier-Stokes equations. The method provides spatially isotropic discretizations for low and high Reynolds number ows. Various example solutions are given to illustrate the capabilities of the procedure.
INTRODUCTION
While much research has been expended on the numerical solution of the Navier-Stokes equations and certain computational schemes are in wide use, the more e ective solution of general uid ow problems at high Reynolds numbers still represents a major challenge, see References [1] [2] [3] [4] and the many references therein.
In our research we have focused on the development of the ow-condition-based interpolation (FCBI) solution approach, which is a hybrid approach between the usual control volume and ÿnite element methods, drawing on the best features of these techniques. The speciÿc aim in the FCBI 674 H. KOHNO AND K. J. BATHE solution approach is to reach procedures that are stable, accurate and e cient for any Reynolds number ow, even when rather coarse meshes are used for solution. The aims of our developments have been presented in detail in References [5] [6] [7] .
In engineering practice, we endeavor to use as coarse meshes as possible for a required accuracy. Hence, we require a numerical solution procedure that is stable and gives reasonable solutions even when using rather coarse meshes for high Reynolds number ows. This numerical scheme should not require any special meshing directed to obtain a solution and not require the tuning of numerical parameters. Also, the iterations to solve the nonlinear algebraic equations corresponding to a uid mesh should converge fast. Once a numerical solution-maybe even sometimes only of rough but still reasonable accuracy-has been reached, the analyst can reÿne the mesh in a targeted manner and change, appropriately, the mathematical modelling assumptions used (for example, regarding turbulence modelling).
The beneÿt of being able to use rather coarse meshes can be particularly pronounced in the analysis of uid ow structural interactions, because in such analyses, actually, a rather coarse uid ow mesh may well yield su cient accuracy for the tractions on the structure [8] . Here then, in addition to obtaining su cient accuracy in the uid ow prediction, the iterations used to solve the combined nonlinear algebraic equations corresponding to the uid ow and structural meshes should converge fast, and in many cases some Newton-Raphson procedure is best used with consistent Jacobian matrices [9] .
The requirements that we have set for our developments within the FCBI solution approach are [5] [6] [7] [8] 10 ]:
• Stability of the numerical solution for low and high Reynolds number ows, using coarse meshes. Reasonable accuracy of the solution.
• As the mesh is reÿned, stability is preserved and the accuracy of the simulation is optimally increased.
• The analyst does not use any numerical parameters to tune the uid ow solution.
• The nonlinear algebraic equations can be solved e ciently in iterations using a consistent Jacobian matrix, say in the Newton-Raphson iterations (which requires that interpolations of the variables are used).
In our earlier contributions we presented FCBI schemes for quadrilateral grids, or general quadrilateral ÿnite element meshes [5] [6] [7] . In practice, however, the use of triangular grids, and in three-dimensional analyses tetrahedral element meshes, is very desirable. Namely, any domain can be meshed with tetrahedral elements and for complicated geometries, tetrahedral element discretizations in unstructured meshes generally need to be used.
The objective in this paper is to present developments of an FCBI scheme using triangular grids for two-dimensional solutions of Navier-Stokes uid ow problems. We ÿrst present the FCBI procedure and speciÿcally the ow-condition-based interpolations used, and then give demonstrative solutions to illustrate the capacity of the scheme. These solutions include the use of regular and irregular grids, with coarse and ÿne meshes, and for low and higher Reynolds number ows of well-chosen test problems. We concentrate in this paper on the formulation of the proposed discretization scheme, based on the objectives given above, and the detailed solutions of some test problems. Although we consider in this study only steady-state conditions, the proposed method can also be applied to time-dependent problems as is the FCBI method based on quadrilateral grids [8] . Of course, a full evaluation of the scheme should also include a study of its numerical e ciency when the scheme is embedded in a complete CFD computer code. Such study should then comprise the accuracy of the scheme, and the number of iterations used and the numerical e ort per iteration, when compared to using other CFD discretization methods, in the solution of complex and perhaps even industrial problems. However, such comprehensive evaluation is beyond the scope of this paper.
A NEW FCBI METHOD FOR THE SOLUTION OF NAVIER-STOKES EQUATIONS
In this section, we present an FCBI method using triangular grids for the analysis of incompressible uid ows. We ÿrst give the mathematical model considered and then present the procedure based on the MINI element used [9] .
Governing equations and ÿnite element formulation
We consider a two-dimensional steady-state uid ow problem governed by the incompressible Navier-Stokes equations. We assume that the problem is well-posed in the Hilbert spaces V and P. The non-dimensional governing equations in conservative form are: Find the velocity v(x) ∈ V and pressure p(x) ∈ P such that
subject to the boundary conditions
where ∈ 2 is a domain with the boundary S = S v ∪ S f (S v ∩ S f = ∅), B is the stress tensor deÿned as
with the identity tensor I and the Reynolds number Re; v s is the prescribed velocity on the boundary S v , f s is the prescribed traction on the boundary S f , and n is the unit normal vector to the boundary.
For the ÿnite element solution, we use a Petrov-Galerkin variational formulation with subspaces U h , V h and W h of V , and P h and Q h of P of the problem in Equations (1)-(4). The formulation for the numerical solution is: Find u ∈ U h , v ∈ V h and p ∈ P h such that for all w ∈ W h and q ∈ Q h :
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The trial functions in U h and P h are the usual functions of ÿnite element interpolations for velocity and pressure, respectively. These are selected to satisfy the inf-sup condition of incompressible analysis [9] . An important point is that the trial functions in V h are di erent from the functions in U h and are deÿned using the ow conditions in order to stabilize the advection term. The weight functions in the spaces W h and Q h are step functions, which enforce the local conservation of momentum and mass, respectively.
Using the MINI element
To establish an FCBI scheme for triangular grids that can be used to solve problems with complex geometries, we develop a new method that possesses the basic ingredients mentioned above, i.e. interpolations to satisfy the inf-sup condition, the use of the ow conditions in the trial functions and step functions as weight functions. The procedure using the MINI element is detailed in this section. Figure 1 shows a MINI element in which the velocity is deÿned at four nodes, the local node numbers 1-4, while the pressure is deÿned at three nodes, the local node numbers 1-3, in order to satisfy the inf-sup condition. With the use of step weight functions around nodes, the control volumes in the spaces W h and Q h are considered as shown in Table II . Trial functions in P h and nodal co-ordinates.
U h and P h given in Tables I and II : where v i and p i are the nodal velocity and pressure variables, respectively. The bubble function e is deÿned as
in the three domains shown in Figure 1 . In order to reach a stable solution scheme, the velocity v in the advection term is interpolated using the ow conditions, see Figure 3 . As in the original FCBI method, the ow conditions are evaluated on the sides of the element with an analytical solution of the one-dimensional advection-di usion equation. However, we consider here di erent interpolation functions for the velocity components v and v ⊥ that are measured, respectively, parallel and perpendicular to each side of the three domains ! 1 , ! 2 and ! 3 . The ow-condition-based interpolation is applied to the parallel component, while linear interpolation is employed to the perpendicular component. This improves the accuracy of the solution (see Remark 1 below). The trial functions for the parallel component h v i in V h are given in Table III , and the functions for both components are attached to the same nodal velocities used in Equation (8) as follows: 
where Re 23 , x 31 and x 12 with Á a , 1 − Á b and b , respectively, and they are the same as the functions used in Equation (8) . Note that the bubble function e is not changed as shown in Table III .
The proposed trial functions have the following properties:
• Stability is obtained through the introduction of the ow-condition interpolation.
• No artiÿcial parameters are employed.
• Compatibility between adjacent domains (i.e. ! i and ! j for i; j = 1; 2; 3) is satisÿed.
• The requirement h v i = 1 is satisÿed.
• An interpolated value at a speciÿc point does not depend on the node numbering.
• The functions are always positive.
• The functions are invariant to a rotation of the Cartesian co-ordinate system.
• As the element Reynolds numbers become small, the trial functions in V h approach the trial functions in U h . (This is proved by substituting Table III.) Although the ow conditions are taken counterclockwise in Table III , which corresponds to the direction in Figure 3 , it is of course also possible to consider the ow conditions clockwise due 680 H. KOHNO AND K. J. BATHE to the following relation:
Hence, geometrically, the trial functions in V h correspond to a linear interpolation between the values at the centroid and the point on the side whose position is determined by the natural co-ordinate ( ; Á) as shown in Figure 3 . The points ( a ; Á a ), (0; Á b ) and ( b ; 0) correspond to the intersections of the sides and the lines that connect the centroid and the interpolating positions, and the values at these points are calculated according to the analytical solution of the advectiondi usion equation. This can be described by the following equations:
where v 1 , v 2 and v 3 are the interpolated parallel components of the velocities v 1 , v 2 and v 3 at ( ; Á) in ! 1 , ! 2 and ! 3 , respectively, which are described using the unit vectors as follows: 
Remark 1
In the original FCBI technique proposed for quadrilateral elements [6] , the ow-condition-based interpolations were constructed using the ow conditions along opposing element sides, with an interpolation over the element. The two sets of opposing element sides were used. However, in the formulation of triangular elements, the ow conditions along each of three element sides need to be considered in an equal manner to reach an isotropic element. This isotropy and in addition a rational scheme for good predictive capability are achieved by decomposing the velocity vector into the parallel and perpendicular components to each element side and using di erent trial functions for the components (see Section 3.2 for results obtained when compared to using the same ow-condition-based interpolations for parallel and perpendicular velocity components).
Notice that the element Reynolds number deÿned in Equation (12) can be rewritten in the following form:
Since the parallel components of velocities to the side 1-2, which are deÿned at the nodes 1 and 2, are used, the advected velocity should also be parallel to the side. Hence, in the scheme proposed in this paper, the perpendicular component of velocity is interpolated linearly as the element Reynolds number is considered to be inÿnitesimal due to x 12 · e 12⊥ = 0 where e 12⊥ is the unit vector perpendicular to the side 1-2.
Remark 2
In the Cartesian co-ordinate systems, the velocity in the domain ! 1 and its components are written as follows: 
where e x and e y are the unit vectors in the x and y directions, respectively. The velocity components v 
23
⊥ as long as these unit vectors are, respectively, parallel and perpendicular to the side 2-3. The same holds for the other components.
NUMERICAL EXAMPLES
In this section, the performance of the new FCBI method is evaluated using some test problems. First, we apply the proposed scheme to the solution of an advection-di usion problem for which the exact analytical solution exists. Then we solve two Navier-Stokes ow problems: a lid-driven ow in a square cavity and in a triangular cavity. The full Newton-Raphson method is used to solve the nonlinear equations with the convergence criteria max(R v )610 −6 and max(R p )610
where
To reach the solutions for higher Reynolds numbers, we use the converged solution of the lower Reynolds number case as initial condition.
Solution of an advection-di usion temperature problem between parallel plates
We include the solution of this problem in order to compare our calculated results with an analytical solution. Figure 4 shows the analytical model of the temperature problem considered with the boundary conditions and the mesh of 30 × 30 × 2 elements used in this study (see also Reference [7] ). When a unit velocity is prescribed in the x direction over the whole domain, 
where Pe is the PÃ eclet number. Figures 5 and 6 show the comparison of temperature values on the centre line and on vertical lines through the channel for Pe = 10; 100 and 1000. Although the calculated values deviate slightly from the exact data near the right boundary for Pe = 100 and 1000, good agreement with the exact solutions can be seen in all cases.
Solution of driven ow in a square cavity
The capability of the scheme for Navier-Stokes ow problems is next assessed by solving the lid-driven ow problem in a square cavity. This problem is widely used as a benchmark to evaluate developed numerical schemes. We compare our numerical results with the solutions of Ghia et al. [11] which are regarded as accurate.
Figures 7(a) and (b) show the geometry of the square cavity with the co-ordinate system and the nomenclature used for the centres and representative lengths of the vortices, respectively. The no-slip boundary condition is imposed on the left, lower and right boundaries, while a unit velocity is prescribed on the upper boundary including the corners. In addition, zero pressure is prescribed at the lower left corner. Three types of regular meshes and an irregular mesh are used in the analysis for the uid ow up to the Reynolds number 10 000. Figures 8(a)-(c) show the 
where N is the number of elements on a side, L is the length of the side, i is the node number and represents the parameter for unequal division. The value of is ÿxed at 2 for the three meshes. First, the uid ow for Re = 10 000 is calculated using Mesh 1, and the obtained velocity proÿles along the centre lines are shown in Figure 9 . For the display of the results, we use the r; s co-ordinate systems along the centre lines (−16r; s61) deÿned in Figure 7(a) . As an experiment, we also show the solution obtained if the same ow-condition-based interpolations are used for the parallel and perpendicular components of velocity on the element sides. Although for this high Reynolds number a ÿner mesh is necessary to reach agreement with the result of Ghia et al. [11] (see below), the proposed approach of using di erent interpolations for the parallel and perpendicular components of velocity is more e ective, see also Remark 1. The dependence of solutions on the meshes used is evaluated in Figure 10 , for Meshes 1-3. The obtained results with the three meshes for Re = 1000 are close to each other in velocity proÿles along the centre lines and agree reasonably well with those of Ghia et al. [11] .
The results obtained using the unstructured grid, Mesh 4, are given in Figure 11 for the case Re = 1000. Reasonable results are obtained using this coarse and distorted mesh, which indicates the robustness of the FCBI scheme. Figure 12 shows the comparison of our results with those of Ghia et al. [11] for the cases Re = 5000 and 10 000. In order to obtain more accurate results for these high Reynolds number ows, we use a mesh based on the element distribution of Mesh 1 but with the number of elements increased to 160 × 160 × 2. The velocity proÿles along the centre lines are in good agreement with those reported by Ghia et al. [11] . Figures 13 and 14 show the streamline patterns and vorticity contours, respectively, obtained with the 160 × 160 × 2 mesh for Re = 1000; 5000 and 10 000. The vorticity is deÿned as ! = [(@v y =@x) − (@v x =@y)], and the contours are drawn at intervals of ! = 1:0 for a range of almost constant due to the near-linearity of the velocity proÿles, see Figure 12 , whereas the vorticity changes signiÿcantly near the boundary. A comparison of some characteristic values with the results of Ghia et al. [11] for Re = 10 000 is listed in Table IV using the nomenclature in Figure 7 (b). The vortex centres and the representative lengths corresponding to the velocity proÿle in Figure 12 (b) are in good agreement with those reported by Ghia et al. [11] in which a 257 × 257 mesh is used. Note that the smallest secondary vortex in the bottom right corner is captured with fewer elements per side than those in the mesh used by Ghia et al.
Solution of driven ow in a triangular cavity
As a second uid ow example, we consider the driven ow in an equilateral triangular cavity. For this problem solution, triangular grids are quite natural to use. Although triangularcavity ows have been studied by some researchers [12, 13] , the ows considered were of rather small Reynolds numbers. Here we solve small and large Reynolds number ows; the maximum Reynolds number is 10 times larger than that reported by Ribbens et al. [12] in the same analytical model. Figures 15(a) and (b) show the geometry of the triangular cavity with the co-ordinate system and the nomenclature for the vortices. As in the square-cavity ow problem, the no-slip boundary condition is imposed on the left and right boundaries, while a unit velocity is prescribed on the top boundary. At the bottom corner, the pressure is ÿxed at zero. The calculation is conducted using two types of regular meshes named Mesh 1 and Mesh 2, for which the element patterns are, respectively, shown in Figures 16(a) and (b) , and consist of l(l + 1) and l 2 =2 elements, where l is the number of elements along the top wall. In this analysis, 44 310 elements (l = 210) for Mesh 1 and 45 000 elements (l = 300) for Mesh 2 are used up to the Reynolds number 5000. Figure 17 shows the velocity proÿles in the x direction along the centre line and the y direction along the horizontal line at y = −1 in the cavity obtained with Meshes 1 and 2 for the cases Re = 100; 500 and 5000. For the display of the results, we use in this ÿgure the r; s co-ordinate systems (−16r; s61) deÿned in Figure 15 Tables V and VI , respectively, the x-velocity along the centre line obtained from Mesh 1 and the y-velocity along the horizontal line at y = −1 from Mesh 2. Showing the results this way, we have more data points than if the results were employed from one mesh only. Figures 18 and 19 show the streamline patterns and vorticity contours, respectively, obtained with Mesh 1 for Re = 100; 500 and 5000. In Figure 18 , we see that some vortices appear around the primary vortex, and their number increases as the Reynolds number increases. The vorticity with the results of Ribbens et al. [12] . Although the present results agree well with those of Ribbens et al. [12] for the cases Re = 100 and 200, we obtained somewhat di erent data when Re = 500. To study our results further we plot the calculated centre position of the primary vortex as a function of the Reynolds number in Figure 20 (a). This position changes smoothly according to the development of the ow ÿeld; hence our results for Re = 500 are deemed accurate. Table VI In Figure 20 (a), as in the square-cavity ow problem, the centre of the primary vortex moves toward the geometric centre of the cavity as the Reynolds number increases. On the contrary, the secondary eddies under the primary vortex ÿrst appear around the cavity centre and then move right or left with the increase in the Reynolds number as shown in Figures 20(b) , (c) and (e). This ÿgure also implies that more eddies will appear near the stagnant corner at higher Reynolds numbers; but a ÿner mesh need be used to capture those tiny eddies.
CONCLUSIONS
In this paper we presented an FCBI scheme for use with triangular grids in the solution of the Navier-Stokes equations at low and high Reynolds numbers. The emphasis in the FCBI procedure is on stability and reasonable accuracy even when rather coarse meshes are used. In the case of triangular discretizations, we also want that property to hold when completely unstructured meshes are employed. This is di cult to achieve, but a reasonable research aim. The scheme presented in the paper is spatially isotropic (which is important for general applications) and showed good stability and accuracy in the test problems solved. Some detailed results are given for the ow ÿelds in a driven square-cavity problem and in a driven triangular-cavity problem.
The scheme was presented and tested for two-dimensional solutions, but in principle the given procedure can also directly be developed for three-dimensional analyses. Of course, further studies of the scheme, including the numerical e ectiveness, for two-dimensional solutions are needed. These studies might also result in improvements of the procedure, and for three-dimensional solutions, the scheme needs to be still implemented, thoroughly tested and analysed. Finally, a mathematical analysis of the given scheme would be very valuable. 
